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In order to investigate static quantum isotope effects on the stability of proton-transferred structures, we defined an
effective quantal potential energy hypersurface (EQPES), which includes mass-dependent quantum effects. We demon-
strated the difference between the ordinary potential energy surface and EQPES of the double well potential as a simple
example. The minimum energy path on EQPES describes the zero-point energy-corrected structures and tunneling
motion, which is characterized as a classically forbidden motion. We also performed the EQPES analysis of model pro-
ton-transfer reactions in DNA base pairs. It was found that the double proton-transferred structure of an adenine—thymine
(AT) pair is quantum mechanically unstable and that of a guanine—cytosine (GC) pair is stable within a least uncertainty
regime. In order to investigate dynamic quantum isotope effects on the stability of the proton-transferred structures,
we performed quantal cumulant dynamics (QCD) simulations of the GC pair. Results show that the proton-transferred
structure of the protonated isotopomer is dynamically unstable though the EQPES analysis predicts its stability. It is
relevant to include dynamic effects in the investigation of the quantum isotope effects on geometric stability of systems
with a small energy gap between global and metastable structures.
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Isotope effects play important roles in chemistry, physics,
and biology, because these are strongly related to changes in
properties, reaction activities, and isotope ratios in materials,
which can be detected in experiments.!™ Origins of the isotope
effects are due mainly to differences in mass of the nuclei, and
in the electronic structure of the system, which is affected by
electron—phonon interaction. For example, remarkable isotope
effects are found at transition temperatures of superconduc-
tors>® and ferroelectrics such as KH,POy,” in vibrational spec-
tra of molecules, and in velocities of chemical reactions. The
transition temperature of superconductors depends on mass,
because the driving force of superconductivity under BCS
theory is electron—phonon interaction, which reflects to lattice
vibrations of the superconductor.®? In general, the transition
temperature increases as mass becomes lighter. The opposite
behavior is found in the ferroelectrics. The enhancement of
the ferroelectric to antiferroelectric phase transition tempera-
ture of KD,PO4 (T, = 229K) over that of KH,PO4 (T, =
122 K) is significant. Such enhancement is mainly due to quan-
tum effects on nuclei, which affect both geometric properties
of the crystal and electronic structure of the system.

The isotope effects on chemical reactions have been inves-
tigated over decades.'®!! When one substitutes a specific atom
into its isotopomer the binding energy is different due to a dif-
ference in zero-point energy. In general, the reaction becomes
slower as the mass becomes heavier, because the binding en-
ergy becomes larger. This phenomenon is well known as the
kinetic isotope effect, which is distinguished from equilibrium
or geometric isotope effects. The ratio of the kinetic isotope ef-

fect is inversely proportional to the square root of the ratio of
the mass, i.e. ky/k, = (mz/ml)l/z. Therefore, one of the most
prominent isotope effects is observed when a proton is substi-
tuted by tritium, kt/ky &~ 0.5774, or by deuterium, kp/ky =
0.7071, which are much smaller than the ratio of heavy atoms
such as oxygen '°0/130, kie0/k130 = 0.9428. Moreover quan-
tum effects such as tunneling enhance the behavior of the iso-
tope effects by the expected ratio. Anomalously large enhance-
ment of heavy isotopes in stratospheric ozone has been found
by Mauersberger et al.'>!> The '°0/'80 isotope effect on a
kinetic constant is about 65%, which is much smaller than
the expected value from kj¢0/k130 & 0.9428. Similar behavior
is observed for NO + O reactions.!® Recently, the origin of the
anomalous isotope effects has been explained by means of
quantum scattering theory by Babikov et al. and independently
by Xie and Bowman.'7"!° They revealed the zero-point energy
of O, molecules as playing a key role. Thus, quantum effects
are quite important in the isotope effects not only of light mass
nuclei, but also of heavy mass nuclei.

Quantum isotope effects have been extensively studied over
the decades.?*?” There are a number of approaches that can be
used to treat these quantum effects, at least approximately,
such as semiclassical dynamics methods?’*! and wave func-
tion based method.*>® We have developed wave function
based methods with a simultaneous treatment of electrons
and nuclei quantum mechanically.*>** Several groups devel-
oped and applied these methods to treat static quantum isotope
effects on proton/deuteron (H/D) substitutions and proton
tunneling.¥%° Nevertheless it costs too much not to treat
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large-scale systems and it looses the concept of reaction paths
of chemical reactions. Dynamic effects such as fluctuation are
key issues even in classical dynamics, since observed proper-
ties sometimes strongly depend on transitions among many
structures. One of us demonstrated that a gigantic charge fluc-
tuation is presented in confined systems such as metallo-endo-
hedral fullerenes.”® The dynamic effects are also indispensable
for investigating quantum nature at low temperature. In partic-
ular, dynamic quantum effects such as tunneling and decoher-
ence affect the stability of structures. One of the quite distin-
guished works to treat dynamic quantum effects with lower
cost is the quantized Hamilton dynamics (QHD) approach,
which Prezhdo and co-workers developed based on the
Heisenberg’s equations of motion.”!=7® Several approximations
were derived for the evolution of relevant expectation
values in the Heisenberg representation. Recently we have
developed quantal cumulant dynamics (QCD) as an extension
to QHD.””7 In this formalism, coordinates, momenta and
cumulants are central variables in contrast to QHD. The key
ideas are that a coordinate shift operator acting on a potential
operator is introduced and that a cumulant expansion is applied
to evaluate the expectation value of the shift operator. The
advantages of the QCD approach over the QHD method
are: (i) a systematic construction of higher-order equations
of motion is possible; (ii) there are no errors in the energy
and its gradient due to the truncation of the potential; and
(iii) there is no tedious derivation with respect to the decompo-
sition scheme in the QHD method.

In this paper, we derive coupled equations of motion of
cumulants that consist of symmetric-ordered products of the
coordinate and the momentum fluctuation operators. The equa-
tions of motion of the second-order cumulants and the expec-
tation values of the coordinate and the momentum operators
are given in Section 2. We will introduce an effective quantal
potential energy hypersurface, which describes both zero point
energy correction and tunneling path. An example of double
well potential will be illustrated. In Section 3, we apply both
static effective quantal potential energy surface analysis
and QCD simulation to the model multiple proton/hydrogen-
transfer reactions, i.e. proton/hydrogen-transfer reaction of
DNA bases such as three hydrogen bonds in a guanine—cyto-
sine pair and two hydrogen bonds in an adenine—thymine pair.
We focus on the static and dynamical stability of its isotopom-
ers. Section 4 provides our conclusions.

Theoretical Background

The Hamiltonian of a multi-dimensional system is given by

. P?

H= !
2
where the first term denotes the kinetic energy operator and
the second term denotes the potential energy operator. These
are functions of momentum operators and mass of the i-th par-

ticle and coordinate operators. Those fulfill the commutation
relations

[Qu, Pl = ih5ij5k1 )
[tha le] - [ ik» jl] =0

In order to evaluate energy, one generally needs a wave func-

Q) (1
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tion of the system. Instead, we here use expectation values of
functions of coordinate and momentum operators. To do so,
we here introduce a coordinate shift operator, defined as

v{Q) = exp(Z 8Q:- )wq,)
94 0=(Q)

where SQ,- = Q,- — (QI»> is a fluctuation operator and q; = (Q,-)
is a vector of an expectation value of the i-th coordinate
operator. By using the definition and a cumulant expansion
technique for central moments, we have

3

Vg {Amo ) = eXp( )V(q,) “)
where the tilde denotes the expectation value. Hereafter we
abbreviate the limit q; = (Q,-) for simplicity. In the above
equation we have introduced a set of cumulants {4y, »,}, which
is m-th- and n-th-order with respect to i-th coordinate and mo-
mentum operators, respectively. All cumulants are evaluated
in a well-defined manner. In this study, we restrict ourselves
on keeping it up to second-order as

Vol {42, o})—exp(Z >

i k=xyz

A
2"" )wq,) (5)

We call it the second-order quantal potential. By applying
the same manner to the kinetic energy term, the total energy
within the second-order cumulant theory is written as

Ex({q;}, {p;}, {420} {02}

2
=yl g, (e ©)
i M;

where we also introduce a vector of the expectation values
of the i-th momentum operator, p; = (lsi), and second-order
momentum cumulant variables, dg2,. The above expression
implies that the energy can be evaluated by means of classical
momenta and coordinates and second-order momentum and
coordinate cumulant variables.

The cumulant variables are represented by the expectation
values of the fluctuation operators as

0 = (6Q7)

Aoz, = (5PF)

To obtain a closed form of coupled equations of motion
(EOMs) for {q;}, {p;}, and cumulant variables ({120},
{do2,}), we here introduce a further second-order cumulant

of the product of the momentum and coordinate fluctuation
operators defined by

A1, = ((5Q;8P)),) (8)

where s denotes a symmetric-ordered product, ie. (AB), =
%(AE’ + BA). From Heisenberg’s equation of motion,

(7
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we have
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] 21,1,
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oz(t) = =24, (f) Vz({ql(f)} {A2,00}) (10
These are central EOMs in QCD theory. If we have N-di-
mensional systems, the EOMs have 5N degrees of freedom.
Since the time derivative of the total energy is identically zero,
these equations of motion conserve the energy. Moreover we
have another set of conserving quantities, (), that fulfills
y(t) = 0, where

Yl = Ao 0(Odo2, () — A7 1 (1) (11)

This implies that the QCD EOMs are redundant so that the
actual EOMs have 4N degrees of freedom. Nevertheless we
have used the 5N degrees of freedom in actual calculations,
because it does not cost too much and it is easy to handle.

In ordinary potential energy surface (PES) analysis, one
pays attention not to the total energy but only to the potential
energy. In other words, the kinetic energy is always neglected.
In the present work, we have introduced the quantal potential
energy in eq 5, which includes quantum effects through the
coordinate cumulant variables. With the same idea we can
also do the PES analysis. However the momentum cumulant
variables are not independent of the coordinate cumulant
variables due to the Heisenberg’s uncertainty relations. There-
fore we should take advantage of the Heisenberg’s uncertainty
relations as

2

(80u8Py)?) = Aoy 002, + 247 12

i lie =

Assuming the momentum-coordinate cumulants being identi-
cally zero, A1,1, = 0, and a least uncertainty relation, we have

hZ
T 4/12;/(,0

By substituting the above equation into the energy, one yields

EXV(q;}, (i) (2,0

P; "

N Z 2M; + Z 8M;iA 2,0
where LU means the least uncertainty relation and an identity
vector defined as 1 = (1,1, 1) has been introduced. The least
uncertainty relation reduces the actual variables from 4N to
3N. Again by neglecting the classical kinetic energy we define
an effective quantal potential energy hypersurface (EQPES) as

Aoz, (13)

1+ Va({g}, {(Aa0) (14)

2

- h
V3'a (Aa0h) = 3 gy -1+ Vallad (o)) (15)

The first term originates from a quantum correction to the
kinetic energy, which is inversely proportional to the coordi-
nate cumulants and masses. On the other hand, the second term
contains a quantum correction to the potential energy, which
is a function of both classical coordinates and coordinate
cumulant variables. Thus, the quantum isotope effects are
consequences due to a competition between the first mass-
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dependent and the second mass-independent terms. Owing to
the first term and the definition of A5, A2, is always greater
than zero, A0 > 0. If we assume M;As.0/h> — oo and
Az, 0 — 0, the EQPES agrees with the ordinary PES (classical
limit). This potential is equivalent to that obtained by Gaussian
wave packet by Ando to investigate proton-transfer reactions
in condensed phases.?

Here, we evaluate the density based on the QCD method.”
The density is defined as the expectation value of the delta
function, and then we have

P(go) = (8(Q — q)) (16)

By using the cumulant expansion techniques, the density can
be expressed in terms of an infinite series of the cumulant
variables. The second-order density is given by

~ /121'1\,0,% &
P2(qp) = exp (Z Z — —2>

i k=x)yz aqik

exp(—(q — o) +a-(q — qp)?)

/l_[ 1_[ 2mag
i k=xyz

where we have used the fact that the delta function can be ex-
pressed as the Gaussian with infinite exponent limit. By using
the Fourier convolution technique, the density is evaluated as

an

X limy_s o0

p(qp) =

1
l_[ 1_[ 27T/12II<,0[A

i k=xyz

xexp( Z Z (Qz;/l—zi](;zk) ) (18)

i k=xyz

The density is expressed as a Gaussian function of the classical
expectation values, {g;}, and the second-order position cumu-
lant, {15, 0, }- The classical expectation values and the second-
order cumulant variables correspond to the center and the
width of the Gaussian along each direction, respectively. Since
the resultant density is given by the Gaussian, the method
is almost equivalent to the Gaussian wave packet method by
Fiete and Heller.?® A difference between Heller’s and the pres-
ent approaches is that one does not truncate a given potential
by quadratic-order as done by Heller’s approach so that the
method is applicable to any potential such as the Morse,
Coulomb,”” and quadratic potentials generated from ab initio
methods.”®

An illustrative example we here consider is a one-dimen-
sional symmetric double well potential given as

V(g) = ag* + bq* (19)

It is quite easy to derive second-order EQPES as follows:

2

d8MA

Vstg, ) = + ag* + (b + 12ad)g* + 3ad* + Ab (20)
In Figure 1, we have plotted the minimum energy path from
one well to the other. It is smoothly drawn by red dots. Note
that the effective potential diverges at A = 0 due to the first
term, but not specified in the figure. This figure indicates that
(i) potential becomes single minimum for 4 > 1 (strong quan-
tum case) and double minima for 4 < 1 (weak quantum case).
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Figure 1. Effective quantal potential energy hypersurface
(EQPES) and minimum energy path on it (red dotted
line).

The stable geometries and transition state are obtained from
variations of the EQPES with respect to the ¢ and A as

9
— V5"(q, 1) = 4aqg® +2(b + 12ad)g = 0

dq
0 e i 2
ﬁvz (q,/l):—m—l-&l(q +AD)+b=0 (21

Once parameters a, b, and M are determined, variational
solutions of g and A are evaluated numerically. For example,
if we set a =0.7, b= —1, and M = 50/?, the global minima
are given by Emin,QG(:i:O.7736, 0.03863) = —0.221434 on the
EQPES and Ep, (£0.8452) = —0.357143 on the classical
PES. We also have a metastable state at the origin and the
corresponding energy is Emin,QM(O, 0.24779) = —0.108761.
On the other hand, the two transition states are
ETS,Q(:EO.1285,O.2326) = —0.108426. Note that the classical
TS is located at the origin and the corresponding energy is
zero. Since the minimum energy path passes through the point,
which is energetically lower than the classical TS, it reflects a
tunneling motion. The energy barrier of the effective tunneling
reaction on the EQPES, AE, = 0.113008, is lower than the
classically allowed transition energy (not tunneling motion),
AEc = 0.357143. The barrier between TS and the metastable
state is negligibly small, AE7s_ps = 0.000335. Therefore,
the transition from one to the other side is activated with less
energy than the classical one needs. This is one of the signa-
tures of a quantum kinetic isotope effects.

Results and Discussion

Model Systems. In this work we consider multiple proton/
hydrogen-transfer reactions in DNA bases. The multiple
proton-transfer reactions in these systems were investigated
by Floridn et al. by density functional calculations.3%8! Later,
quantum mechanical treatments for the system were performed
by Villani.?> We also investigated influences of the metal bind-
ing to the base pairs and of the staking effects on multiple
proton-transfer reactions.®? We here adopt two models, where
one is a two-dimensional model for two hydrogen bonds in an
AT pair, and the other is a three-dimensional model for three
hydrogen bonds in a GC pair as depicted in Figure 2. In
Villani’s study, he construct model potentials for the AT and
GC pairs given by
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Figure 2. Models for multiple proton-transfer reactions in
DNA base pairs. x, y, and z are reaction coordinates of
the proton-transfer reactions.

VAT (x,y) = Z hi jx'y!

i 22
VOC(x,y,7) = Z IR (22)

ijk

where parameters in the model potential are given by Villani’s
paper, which is sixth- and fifth-order polynomials with respect
to the coordinates for AT and GC pairs, respectively, deter-
mined by the first principle calculations (B3LYP/cc-pVDZ).
The reaction coordinates x, y, and z are shown in the figure.
The corresponding quantal potentials are explicitly given by

V?T(.x, Yy, g’ 7])
l%(wﬂ)lwh (5 (1)
e ) 2

5

-2
=0 k=0 i=0 j=0

(23)
Vi€, y, 2. E1,0
B 2 5-215-2m5-2n L ik § l ﬁ m 5 n
- Z ZZ Hi-j-kxyz 2 2 2
Limn=0 i=0 j=0 k=0
i+ 2D (j+2m)! (k + 2n)!
Hji = kil 2 2m ke am 24

il jlm!
where Greek characters denote the cumulant variables. When
some variables are large, this potential becomes a negatively
large value that is less than the minima of interest. In this
work we have added extra terms, which prevent particles from
escaping from the minima and do not affect the shape of poten-
tial energy surface around the minima and TSs. The additional
well-like potential is defined as

Vwen({g:})

=W |:1 + 1_[ (Op(qi — i max) — On(qi — g min)):| (25)
i=x,y,2

where ¢; max and ¢; min are maximum and minimum range

of potential and Vj is height of the well-like potential. An

approximate Heaviside function is given by
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Figure 3. Modified potential energy surfaces of (a) AT pair, (b) x—y plane of GC pair at z, = 1.045, (c) y—z plane of GC pair at
x. = 1.025, and (d) x—z plane of GC pair at y—z plane of GC pair at at y, = 1.037.

Op(x) = M% (26)
where b is an effective width of the approximate Heaviside
function and guarantees smoothness of the potential. When
Vo is appropriately large, the particles stay around minima
during dynamics simulations. In actual calculations we set
b =100, gima/A = 2.0, gimin/A = 0.4, and Vy/a.u. = 0.05.
Both ¢jmax and g;min are in a reasonable range for the coordi-
nate of the proton, because the distances between heavy
elements (O and N) of the DNA bases are approximately
2.7-3.0A and roughly speaking the bond length of OH and
NH are almost 1.0-1.1 A. We have checked that this additional
potential does not affect the energy of the equilibrium geome-
try and the equilibrium structure. The quantal potential for the
well-like potential is analytically given by

Vaen({gi}, {d2i00) = 1+ Vo l_[ On(qi — G max» A2i0)
i=x,y,2 (27)
— 05(gi — gi min» A2i0))

where the modified quantal Heaviside function is

o erf(v/bx/\/1 + 4b€) + 1
eb(-x’ g) = )

(28)

The shape of Op(x, £) is almost the same, but slightly looser
than that of 6,(x), because of 1/4/1 + 4b& < 1. The modified
PESs are depicted in Figure 3, where we fixed one variable
at the equilibrium geometry in order to draw the two-dimen-
sional PES of the GC pair. The ordinary PES analysis gives

global minimum and metastable structures both for the AT
and GC pairs. The former structure is the ordinary Watson—
Crick type (see Figure 2) and the latter is double proton-trans-
ferred, as easily found in (a) and (c), where the double proton-
transfer reactions occur along the x—y axes for the AT pair and
the y—z axes for the GC pair, respectively. No other proton-
transferred structure is found on the PES.

Static Case. Here we analyze the EQPES defined above
in order to investigate static quantum isotope effects on the
proton-transfer reactions. At first we fix the classical variables
at the equilibrium geometry on the classical PES, {g.q}, and
optimize the cumulant variables on the partially frozen EQPES
(fixed geometry search), Vz({qi} = {qeq,i} {A2i0}), and then
proceed to fully relaxed geometry search both for the classical
and cumulant variables on the EQPES.

We have sketched the EQPES of the AT pair at the fixed
geometry for proton and deuteron cases in Figure 4. As the
mass increases, the EQPES becomes tight and the cumulant
variables at the equilibrium tend to be small. The same situa-
tions are observed in the cases of the GC pairs (not shown).
These imply that the first term in eq 15 certainly contributes
to the equilibrium points. Comparing (a) and (b), the cumulant
variables at the equilibrium of (b) are greater than those of (a),
because the potentials around the global minimum and the
metastable structure are tight and loose, respectively, so that
the EQPES takes over the same tendency.

We have plotted densities of the proton and deuteron for the
AT pair calculated from eq 18 with variational solutions of the
EQPES with respect to q = (x,y) and A = (§,n) (Figure 5).
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Figure 4. Effective quantal potential energy surfaces of AT pair at (a) global geometry (x, = 1.049 and y, = 1.021) and (b)
metastable geometry (x, = 1.702 and y, = 1.518). The black contour is the case of the proton and the red one is the case of

the deuteron.
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Figure 5. Density of proton (black) and deuteron (red) calculated from the global minimum solution along (a) x and (b) y axis.

We found explicit geometric isotope effects on the density.
The density of the proton is broader than that of the deuteron
both along x and y axes. In other words, lighter particles tend
to delocalize. Centers of density are different from each other.
The center of the proton is located at (xg, yy) = (1.184, 1.090),
on the other hand that of the deuteron is slightly shifted
toward shorter distance, (xp,yp) = (1.122,1.063), which are
longer than the equilibrium coordinates on the ordinary PES,
(Xeq> Yeq) = (1.049,1.021). This behavior is also found in re-
sults obtained from the wave function-based methods previ-
ously done by us for small systems.*>** The difference among
the centers is intuitively recognized as the difference of the
bottom of PES and a quantum mechanical expectation value
of the position for example for a hydrogen molecule. The
nuclear density is measured directly from neutron diffraction
and indirectly from X-ray diffraction experiments for crystals.
According to the measurements the same tendencies are found.
The geometric isotope effects are consequences of both the
delocalization (or localization) of density and the shift of equi-
librium positions. These microscopic effects influence not only
the structure of small systems but also macroscopic properties
such as the phase transition of ferroelectric materials.

Figure 6 depict energy levels of global minima and metasta-

ble states as a function of log,,(M/a.u.), where the initial pa-
rameters for a geometry search are set around global minima
(red) and metastable structure (blue). In contrast with a fixed
geometry search, the metastable structure of AT exists when
the mass is heavier than M/a.u. ~ 10%7 and suddenly disap-
pears, because the barrier between the metastable structure
and TS is too shallow. The energy gap between two states
is 54kJmol~! for the classical case (log,p(M/a.u.) = 00).
These results imply that it is important to perform relaxed
geometry search on the EQPES for the quantum isotope
effects. Note here that the masses of the proton and deuteron
are about 1836 and 3672 a.u., respectively. It indicates that
the proton-transferred structure of the AT pairs is unstable
both in protonated and deuterated AT pairs. On the other
hand, there exist both global and metastable structures in GC
pairs for the entire range. The energy gap between the two
states is 13, 17, and 50kJmol~! for proton (log;p(M/a.u.) =
3.26387), deuteron (log,,(M/a.u.) = 3.56490), and classical
cases (log;((M/a.u.) = 00), respectively. If the mass becomes
lighter, say in the case of a muon (log,,(M/a.u.) = 2.32015),
the gap will disappear. We found explicit isotope effects on
the energy gap.

From these EQPES analyses we conclude here that the dou-
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Figure 6. Mass dependency on energy level for (a) AT and (b) GC pairs. The red and blue lines indicate the global and metastable

structures at the initial parameters.

ble proton-transferred structure of the AT pair is not stable and
that of the GC pair might be stable both for protonated and
deuterated cases. Nevertheless the energy gap between global
and metastable structures is small enough that thermal activa-
tion may drive the proton-transfer reactions from the metasta-
ble to global minimum.

Dynamic Case. In order to investigate dynamic stability of
proton-transferred structures of the model system, we here per-
form QCD simulation on the quantal potential. Note here that
the above EQPES is one approximation to the effective poten-
tial with 2N degrees of freedom to the QCD phase space with
4N degrees of freedom. Therefore, QCD phase space analysis
is a more rigorous way to understand the stability of the
proton-transferred structures. Since in the previous paragraph
we have shown that the proton-transferred structures of the
ordinary GC and its deuterated isotopomer are stable based
on the EQPES analysis, we here treat the GC pair. In order
to solve the EOMs of eq 10, the time interval used was
0.1fs, total time was 2ps, and a fourth-order Runge—Kutta
integrator was used in our simulations. The initial conditions
of the variables can be determined as

q;(0) = min[V({q,})]
p;(0) =0

A2i0/(0) = min[ V5™ ({q;} = {q;(0)}, A2:0/)]
2

Aoizi =
020) = e o ©)
A1i1:(0) =0

In order to estimate the initial conditions, one needs to search
the point that satisfies the least quantal energy principle. In
Figure 7 we have depicted phase space (x/p.,y/py,z/p:)
structures of a trajectory obtained by the QCD simulations.
For cases (a) and (b), the dynamic feature of the closed orbits
is the same except for its amplitudes. The phase space of the
x/py is compact, on the other hand, that of z/p, is loose in
comparison with that of y/p,. The explicit isotope effects on
the phase space structure are found in the cases of (c) and
(d). In Figure 7c, the nuclei initially located at the metastable
structure go out from the basin and strongly vibrate around

(29)

the global minimum due to tunneling. On the other hand,
the deuterated isotopomer remains around the metastable
structure. It is concluded that the metastable structure of the
protonated isotopomer is dynamically unstable, though it is
statically stable based on the EQPES analysis. Therefore,
it is important to take the dynamical effects into quantum
isotope effects on the metastable structure with a small
energy gap.

Discussion. Here we discuss open questions in the present
QCD-based theories and strategies to tackle them. In this
study, we have focused on the stability of global and metasta-
ble structures. The EQPES analyses and QCD simulations of
the proton-transfer reactions in DNA pairs were performed,
since the H/D geometric quantum isotope effects are remark-
able due to tunneling and large mass difference. One of the is-
sues, which should be treated by quantum mechanics, is mo-
lecular vibration. Since we have defined a new effective poten-
tial (EQPES), which includes quantum effect through extended
variables, we can consider vibrational analysis of the EQPES.
In particular, positive and negative frequencies of the resultant
normal modes are related to vibrational frequencies and useful
to detect TSs, respectively. According to ordinary normal
mode analysis (NMA), a set of N vectors, which consist of
only classical coordinates, is evaluated by diagonalizing a
Hessian matrix (second derivative matrix) of the PES. By anal-
ogy of the ordinary procedure, we may define normal modes,
which consist of both classical coordinates and coordinate cu-
mulant variables, by diagonalizing the Hessian matrix evaluat-
ed from the EQPES. Because the actual variables in the present
theory are 2N, we result in 2N normal modes, which are differ-
ent from those in the ordinary NMA. Nevertheless a quantum
correction to the ordinary normal modes is expected to be
small. We performed the QCD simulations of given normal
mode Hamiltonian obtained by three-mode quartic force field
method,*!8485 which contains anharmonic terms. From the re-
sults, we found that the QCD simulations give better vibration-
al frequencies than classical dynamics simulations do. In those
cases, the quantum correction to the vibrational frequency is at
most 60cm™! for small molecules, which is small enough to
treat as perturbations. Therefore we may find quantum-correct-
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Figure 7. QCD phase space structures of the GC pair, where g = x, y, or z and p = py, p,, or p., respectively. (a) and (b) are
initially located around the global minimum for the protonated and deuterated cases. (c) and (d) are initially located around

the metastable structure for the protonated and deuterated cases.

ed vibrational modes from the normal modes that have domi-
nant component in the classical coordinates.

For example we apply the extended NMA to the one-dimen-
sional Morse Oscillator based on QCD. Since the dimensions
of the cumulant variables are different from those of classical
ones, we should introduce alternative variables in order to con-
sider the combined normal coordinates that consist of ¢ and
A20. The coordinate and conjugate momentum are given by

ga =+ A2
pa=A11/v A2

where the dimensions of g, and p, are the same as those of ¢
and p. The effective energy for the one-dimensional system is
evaluated as

(30)

Eeit(q, p. 42, P2)
0 @

—p—2+ﬁ + ex (——)V() 31
“om T om s TP\ 2 e ) M
where Vy(q) = D (e 2*=%«0) — 2¢=%a=40)) is the Morse po-
tential. The Morse potential has three characteristic parameters,
D,, &, and g.,, which correspond to the dissociation energy, cur-
vature, and the equilibrium distance in the molecular vibration
of diatomic systems. We set, D, = & = g.;, = 1 in this study.
The second and third terms in eq 31 arise from an assumption
from eq 11, ¥y = Ay0don — /1%,1 = h%/4, which is compared
with the uncertainty relation, Ad,0dos + 2/1%’1 > h?/4. By
means of the Taylor series expansion, the effective energy
is approximately given by second-order with respect to g and

qa as

2M

1, (Ve Va\(a .
+-(q a) "] ( )+Vo,eff 32)
2 Ve Vaa J \aa

where we have used the following abbreviations as

. 1 p
Eeff(q,P»q/laP/l)N_(P p/l)(p )
A

qg=q— qopt 33)
g1 =4q) — 42.0pt
and
B aZVeff , 2
v, =20 (;1 q3)
oq
q=4opts92 =49 A 0pt
5 _ PVsg.q4))
T g0 o
4 G=Gopt-42=qL.opt
_ PV (g, o
Vi = 2 (;] q/l)
gy

4=4qopt-91=4 A opt

Voeff is the energy at equilibrium geometry. The optimized co-
ordinates, gopr and g, opt> are obtained from the variational so-
lutions of EQPS. By diagonalizing the matrix in eq 32, one
yields vibrational frequencies based on the extended NMA
on EQPS, where the lower energy solution corresponds to
the corrected vibrational frequency over that obtained from
the ordinary NMA. Figure 8 depicts frequencies obtained from
the ordinary NMA on PES and from the extended NMA on
EQPS as a function of the mass. We also plotted the energy
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AE/au.

M/a.u.

Figure 8. Energy gap between the ground and first excited
states estimated from the exact solution (Black). The
frequencies obtained from the extended NMA on the
EQPS (Red) and from the ordinary NMA (Blue) are also
depicted.

gap between the ground and the first excited state estimated
from the exact solution. The behavior of the exact solution is
that (i) there exists a peak around M/a.u. &~ 1 and (ii) the en-
ergy gap becomes negative for M/a.u. < 0.5 which is a lower
boundary for the existence of the first excited state. The ex-
tended NMA gives more accurate results than the ordinary
NMA does. Although the result by the extended NMA is un-
fortunately inaccurate for M/a.u. <5 by comparing with the
exact result, its behavior is similar. The frequency becomes
complex for less than M /a.u. & 0.2. This behavior corresponds
to the inexistence of the first excited state. On the other hand,
the ordinary NMA does not have any peak and always exists
in the first excited state. Therefore the extended NMA gives
reasonable correction to the results obtained from the ordinary
NMA as expected. The detailed extension of the NMA on
EQPES and its application are given elsewhere.

We did not consider here thermal effects explicitly. In ordi-
nary MD simulations and PES analyses, one can treat thermal
properties based on Boltzmann weighted expectation values.
In 1932, Wigner derived a sophisticated quantum correction
term to thermodynamic properties.®® Later Feynman and Hibbs
developed an effective potential approach derived from a
variational method based on a path integral formalism.?”:38
The correction term resembles a term appearing in the quantal
potential, where the position cumulant variables are taken by
mass- and temperature-dependent variables. Winstead et al.
checked the applicability of several quantum correction terms
for describing an electron in a semiconductor device.’® In
relation to the present theory, Prezhdo has pointed out that
the thermodynamic beta (8 = 1/kgT) in the Boltzmann factor
is modified to be half in the QHD- (or QCD-) based statistical
dynamics for the harmonic oscillator.”> The reason why the
half factor appears is that one needs to deal with double vari-
ables in the QHD- and QCD-based theories. Nevertheless it is
not true for the general cases, since it holds only for the har-
monic oscillator. Horikoshi also derived a weight factor from
modified Nambu’s generalized Hamiltonian mechanics,”®!
where he used three independent variables as a canonical

Dynamic Quantum Isotope Effects of Proton

triplet (x, y, and z), which are related to the present variables
as x = q* + As0, y=p*+ Aoa, and z= A, ;. Nevertheless
in this formulation an ambiguity in the definition of the weight
factor remains. Therefore it is expected to construct correct
quantum mechanical thermodynamic Boltzmann weight. One
possible solution to include thermal effects is to adopt the
Nosé-Hoover thermostat method. We have checked that the
thermostat variable couples not the whole variables but the
classical coordinates and momenta. Other possibility is to
use a path integral formulation of the weight factor, which is
often used in the standard path integral molecular dynamics
(PIMD) methods, as done by Feynman. A difference between
the standard and the present theory is that a zero-order trajec-
tory of the standard PIMD is obtained from classical mechan-
ics and that of the present is from the QCD, which includes
quantum correction a bit. Theoretical developments and appli-
cations of these methodologies will be given in future work.

Conclusion

We have formulated quantal cumulant dynamics (QCD) in
order to investigate quantum isotope effects on dynamics.
From the least uncertainty relation, quantum correction to
the kinetic energy is expressed by means of the coordinate
cumulant variables. The correction term is mass-dependent
so that we have a mass-dependent effective quantal potential
for the analysis of static quantum isotope effect.

We have demonstrated how different the ordinary PES and
EQPES are. When the quantum effect is strong (large coordi-
nate cumulant limit A,y — 00), the EQPES of a double well
potential has a single minima. On the other hand there exist
two minima for the weak quantum region (small coordinate
cumulant A9 < 1). The energy barrier becomes lower due
to a zero-point energy correction, and consequently tunneling
motion is allowed.

We have numerically shown the geometric isotope effects
on the stability of the proton-transferred structures of DNA
base pairs as a function of the mass. In particular, a static
metastable state, that is found in classical PES, disappears as
the mass becomes lighter for the AT pair. On the other hand,
there exist static metastable double proton-transferred states
even both for protonated and deuterated isotopomers for the
GC pair. This is because the barrier height between TS and
metastable state is expected to be quite shallow for the AT
and relatively deep for the GC pair, respectively. We have
performed QCD simulations in order to investigate dynamic
stability of the proton-transferred GC pair. The results showed
that the proton-transferred structure of the protonated iso-
topomer is dynamically unstable and that of deuterated iso-
topomer remains stable. In the former case, dynamically
induced transition from the metastable to global minimum
occurs. It is relevant to include dynamic effects to treat quan-
tum isotope effects in proton-transfer reactions.

The authors thank Prof. Villani for providing parameter
sets of potential energy surfaces for AT and GC pairs. This
research was supported by the Core Research for Evolutional
Science and Technology (CREST) Program “High Perform-
ance Computing for Multi-Scale and Multi-Physics Phenom-
ena” of the Japan Science and Technology Agency (JST).
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